Higher-order topological insulators and semimetals in generalized
  Aubry-Andr\'e-Harper models by Zeng, Qi-Bo et al.
Higher-order topological insulators and semimetals in generalized
Aubry-Andre´-Harper models
Qi-Bo Zeng1,∗ Yan-Bin Yang1,∗ and Yong Xu1,2†
1Center for Quantum Information, IIIS, Tsinghua University, Beijing 100084, People’s Republic of China and
2Shanghai Qi Zhi Institute, Shanghai 200030, People’s Republic of China
Higher-order topological phases of matter have been extensively studied in various areas of physics.
While the Aubry-Andre´-Harper model provides a paradigmatic example to study topological phases,
it has not been explored whether a generalized Aubry-Andre´-Harper model can exhibit a higher-
order topological phenomenon. Here, we construct a two-dimensional higher-order topological in-
sulator with chiral symmetry based on the Aubry-Andre´-Harper model. We find the coexistence
of zero-energy and nonzero energy corner-localized modes. The former is protected by the quan-
tized quadrupole moment, while the latter by the first Chern number of the Wannier band. The
nonzero-energy mode can also be viewed as the consequence of a Chern insulator localized on a
surface. More interestingly, the non-zero energy corner mode can lie in the continuum of extended
bulk states and form a bound state in the continuum of higher-order topological systems. We finally
propose an experimental scheme to realize our model in electric circuits. Our study opens a door
to further study higher-order topological phases based on the Aubry-Andre´-Harper model.
Recently, topological phases of matter have made sub-
stantial progress due to the discovery of higher-order
topological insulators (HOTIs). The HOTIs are a gen-
eralization of traditional first-order topological insulators
so that for an n-dimensional system, (n−m)-dimensional
edge states with m ≥ 2 emerge. To date, there have
been extensive studies of HOTIs from various fields of
physics [1–39] and several predicted topological phases
have been experimentally observed [40–50]. Two typical
HOTIs include two-dimensional (2D) quadrupole topo-
logical insulators with zero-energy corner-localized states
characterized by a quantized quadrupole moment [3, 8]
and three-dimensional (3D) second-order topological in-
sulators with nonzero-energy chiral hinge states char-
acterized by the Chern number of Wannier bands [11].
However, whether a system can host both zero-energy
corner modes and nonzero-energy chiral modes is still
elusive.
The Aubry-Andre´-Harper (AAH) model [51, 52], a
one-dimensional (1D) system with on-site cosinusoidal
modulations, plays a crucial role in studying the Ander-
son localization and quasicrystals [53–58]. Recently, it
has been found that such a model can also exhibit topo-
logical properties [59–68]. For instance, the model can
be mapped to a 2D quantum Hall insulator that hosts
nonzero energy topological edge modes characterized by
the first Chern number [59–61]. This model has been fur-
ther generalized to an off-diagonal AAH model with mod-
ulations in the hopping terms [62, 68], supporting topo-
logically protected zero-energy modes. Such a model can
support the coexistence of topological zero-energy and
nonzero energy modes [62]. It is natural to ask whether
we can construct a higher-order topological system based
on the 1D AAH model so that the coexistence of these
two topological phenomena can be observed.
Another interesting phenomenon concerns the exis-
tence of localized states in the continuous bulk spectrum
of a system, which are known as bound states in the
continuum (BICs). BICs have been widely investigated
in a wide range of physical systems, such as optical sys-
tems [69–72], plasmonic-photonic systems [73–78], acous-
tics [79–84], quantum dots [85–89] and water waves [90–
95]. Recently, it has been shown that BICs can exist
in topological systems [96–99]. Similar to other classical
systems, an electric network system has recently been
proven to be a powerful platform to simulate topologi-
cal phenomena [42, 68, 100–102]. However, whether such
systems can support BICs has not yet been explored. We
will report a proposal with an electric circuit to realize a
higher-order AAH model supporting BICs.
In this Rapid Communication, we address these impor-
tant questions by constructing a 2D AAH lattice model
based on 1D commensurate off-diagonal AAH models.
We find that (i) zero-energy and nonzero-energy corner-
localized states can coexist in the system. The former
is protected by a quantized quadrupole moment and the
latter is protected by the Chern number of the bound-
ary bands as well as the Chern number of the Wannier
bands. More interestingly, these nonzero-energy corner
modes can exist in a continuous bulk spectrum forming
bound states in the continuum. (ii) After transforming
the system into a 3D lattice model, the system becomes
a topological semimetal at half filling with gapless points
located either on the surfaces or in the bulk. (iii) For the
3D system, besides the topological zero-energy modes lo-
calized at the hinges, the system also exhibits nonzero-
energy chiral hinge modes arising from the existence of
Chern bands on the surfaces. (iv) We finally propose
an experimental scheme to simulate the 2D AAH model
using electric circuits and demonstrate the existence of
BICs in the form of voltage waves in the circuit.
Model Hamiltonian.— We start by considering the fol-
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FIG. 1. (Color online) (a) Schematics of the tunneling for the 2D AAH lattice model with αx = 1/2 and αy = 1/4. (b) The
energy spectrum obtained under open boundary conditions along both x and y directions. The lattice size is 40× 40. The blue
and red lines describe the zero-energy and nonzero energy topological corner modes, respectively. The nonzero-energy corner
modes highlighted by the white circle exist in a continuous bulk band. (c) The boundary bands obtained under periodic (open)
boundary conditions along y (x). The red number denotes the Chern number contributed by the boundary bands. (d) The
quadrupole moment in units of e as a function of φ at half filling. (e)-(g) display the spatial distribution of the wave-function
amplitude for a zero-energy corner mode, the nonzero-energy corner modes, and the states for the boundary bands at φ = 0.35pi,
respectively. The Wannier spectra νy (h) and νx (i) are computed under open boundary conditions along x and y directions,
respectively. The presence of edge states around νx = 0.5 and νy = 0.5 in the Wannier spectra shows the existence of quantized
edge polarizations. The Wannier band νx (similarly for νy) refers to the eigenvalues 2piνx of the Wannier Hamiltonian HWx
defined as Wx ≡ eiHWx , where Wx = Fx,kx+(Nx−1)δkx · · ·Fx,kx is the Wilson loop with [Fx,kx ]mn = 〈umkx+δkx |unkx〉 [3, 8] and|unkx〉 is the nth occupied eigenstate of our system and δkx = 2pi/Lx, with Lx being the number of unit cells along x. Here, t = 1,
λx = λy = 0.8, αx = 1/2, and αy = 1/4. (j) shows the energy spectrum for the incommensurate case with α = (
√
5 − 1)/2,
where only nonzero-energy topological corner modes exist.
lowing 2D lattice model [see Fig. 1(a) for a schematic],
H =
∑
i,j
[t(i,j),(i+1,j)cˆ
†
i,j cˆi+1,j +
t(i,j),(i,j+1)cˆ
†
i,j+1cˆi,j +H.c.], (1)
where c†i,j (ci,j) represents the creation (annihilation) op-
erator for a spinless particle at site (i, j). The hopping
amplitudes along the x and y directions are respectively
modulated as
t(i,j),(i+1,j) = (−1)jtx[1 + λx cos(2piαxi+ φx)],
t(i,j),(i,j+1) = ty[1 + λy cos(2piαyj + φy)],
where αx = px/qx, αy = py/qy with px and qx (py and
qy) being mutually prime positive integers, tx (ty) is the
hopping strength between the nearest-neighboring lattice
sites along the x (y) direction, and λx and λy are the
amplitudes of the modulations whose periods are deter-
mined by αx and αy. Without loss of generality, we set
tx = ty = t and φx = φy = φ. The 2D lattice is actually
composed by 1D commensurate off-diagonal AAH mod-
els. If αx = αy = 1/2, the system exhibits zero-energy
corner modes with a quantized electric quadrupole mo-
ment, similar to the model in [3].
With periodic boundary conditions in both directions,
we can write the Hamiltonian in Eq.(1) in the momentum
space as [103]
H(kx, ky) = Hx(kx)⊗Πy + Ix ⊗Hy(ky), (2)
whereHi(ki) (i = x, y) is the Hamiltonian of the 1D AAH
model along the i direction with ki ∈ [0, 2pi). Such a 1D
Hamiltonian is a qi × qi matrix, which, when qi is even,
has chiral symmetry represented by a qi×qi diagonal ma-
trix Πi = diag( 1 −1 · · · 1 −1 ), i.e., ΠiHiΠ†i = −Hi.
Ix is an identity matrix of size qx. Clearly, the 2D
Hamiltonian has chiral symmetry, ΠHΠ† = −H with
Π = Πx ⊗ Πy. For the 1D AAH model with qi > 2, we
can obtain chiral edge modes by tuning the parameter φ,
which leads to topological Chern bands. In the following,
we will explore whether the 2D lattice composed of such
31D AAH models can give rise to new topological features.
Case αx = 1/2 and αy = 1/4.— We first consider
the model with αx = 1/2 and αy = 1/4. Figure 1(b)
shows the energy spectrum of the lattice model under
open boundary conditions along both directions. For
φ ∈ (−pi2 ,−pi4 ) and (pi4 , pi2 ), we can observe zero-energy
modes in the gap marked by the blue lines. They are four-
fold degenerate and localized at the four corners of the 2D
lattice, as illustrated in Fig. 1(e). The topological zero-
energy corner states signify the existence of quadrupole
moments in the system. To prove this, we have numeri-
cally calculated the quadrupole moment of the model as
a function of φ based on the following formula [104, 105]
qxy =
e
2pi
Im log detU, (3)
where Unm = 〈un|ei2pixy/(LxLy)|um〉 with |um〉 being the
mth occupied eigenstate and Lx (Ly) being the length of
our system in the x (y) direction relative to the unit cells.
We perform our calculation under periodic boundary con-
ditions. Due to the chiral symmetry, the quadrupole mo-
ments are quantized to 0 or e/2 modulo one.
In Fig. 1(d), we present the quadrupole moment with
respect to φ, showing that the quadrupole moments
are equal to e/2 in the parameter regimes where the
zero-energy corner states emerge. This implies that the
zero-energy states are characterized by the quantized
quadrupole moment. We can also understand the pres-
ence of zero-energy corner states from the topology of the
1D AAH model [103]. Consider a system with a cylin-
der geometry with open boundaries along x and peri-
odic boundaries along y. If Hx is topologically nontriv-
ial, there are two zero-energy edge states for Hx denoted
as |uxL〉 and |uxR〉 localized at the left and right edge,
respectively. Clearly, the effective Hamiltonian of our
2D system at one edge around zero energy is Hy(ky), re-
sulting in two zero-energy corner states if Hy is topologi-
cally nontrivial and we impose open boundary conditions
along y. Specifically, a state localized at the top left cor-
ner can be written as |uxL〉 ⊗ |uyT 〉, where |uyT 〉 is the
zero-energy edge state of Hy localized at the top edge.
Since Hx and Hy respect the chiral symmetry, their zero-
energy edge states can be characterized by the winding
number Wx and Wy, respectively. As a result, their prod-
uctW = WxWy gives another diagnosis of the topological
property for the 2D system, apart from the quadrupole
moment. Since the zero-energy state emerges for Hx(kx)
with αx = 1/2 when φ ∈ (−pi2 , pi2 ) and for Hy(ky) with
αy = 1/4 when φ ∈ (−pi2 ,−pi4 ) and (pi4 , pi2 ), the intersec-
tion of φ where both zero-energy states exist corresponds
to the parameter region observed in Fig. 1(d). Due to
the chiral symmetry, the zero-energy edge modes of the
1D AAH model are characterized by winding numbers.
By combining the two winding numbers along the x and
y directions, the zero-energy corner modes can be char-
acterized [103], which is consistent with the quadrupole
moment results here.
It is known that the quadrupole moment can change
due to the bulk or edge energy gap closure [3, 39]. In
our system, at φ = ±pi/2, the change arises from the y-
normal edge energy gap closure, and at φ = ±pi/4, from
the x-normal edge energy gap closure. The former (lat-
ter) gap closure also leads to the gap closure for the Wan-
nier band νy (νx) [see Figs. 1(h) and 1(i), respectively].
As a consequence, the edge polarizations along both di-
rections pedgex = p
edge
y = e/2 in the topological region
with quadrupole moments. In addition, fractional cor-
ner charges appear as Qcorner = ±e/2 at half filling since
there are four zero-energy corner modes. This shows that
the basic relation Qcorner = (pedgey +p
edge
x − qxy)mod(1)
is respected and thus it is a type-I quadrupole topological
insulator [39].
Apart from the zero-energy corner modes, we also ob-
serve nonzero-energy topological corner modes in the en-
ergy spectrum, as shown by the red lines in Fig. 1(b).
If φ is viewed as the momentum along z, these modes
are chiral and we thus refer to these modes as chiral
modes. In the following, we will show that these modes
arise from a surface Chern insulator. By calculating the
energy spectrum of the system with periodic and open
boundaries along y and x, respectively, we extract the
boundary bands [shown in Fig. 1(c)] based on their lo-
calization property [106]. These bands are twofold de-
generate with the states localized at either the right or
left edge. The nonzero-energy topological modes con-
necting these boundary bands are characterized by the
Chern number defined in the (ky, φ) space as
Cn =
1
2pi
∫ 2pi
0
dφ
∫ 2pi
0
dkyΩn(ky, φ), (4)
where Ωn = i(〈∂kyΨn|∂φΨn〉 − ky ↔ φ) with |Ψn〉 be-
ing the states in the boundary band extracted from the
energy spectrum for a system with periodic boundaries
along y. We find C = −2 for the lowest bands in Fig. 1(c)
due to the degeneracy, with each boundary band local-
ized at one of the two edges contributing a Chern number
of −1.
If we take φ as the momentum kz along the z direc-
tion, the 2D AAH model can be transformed into a 3D
model (the corresponding tight-binding Hamiltonian can
be found in the Supplemental Material). This 3D model
describes a 3D topological semimetal at half filling, where
gapless points exist on both x-normal and y-normal sur-
faces [see Figs. 1(b) and 1(c)]. The zero-energy corner
modes then contribute to the zero-energy hinge modes in
the semimetal. In addition, the system exhibits a surface
Chern band localized on the x-normal surfaces, leading
to the chiral hinge modes.
The nonzero-energy corner modes (or chiral hinge
modes in 3D) are in fact rooted in the topological prop-
erties of bulk energy bands. To illustrate this, we calcu-
late the Chern number of the Wannier bands, which are
4FIG. 2. (Color online) (a) The energy spectrum obtained un-
der open boundary conditions along both x and y directions.
The lattice size is 40 × 40. The red lines describe the chi-
ral corner modes with respect to φ inside the gap. (b) The
quadrupole moments in units of e as a function of φ. (c)
The energy spectrum obtained under periodic boundary con-
ditions along both directions. The red numbers denote the
Chern number calculated in the (ky, φ) or (kx, φ) space using
the states of the corresponding bands for each kx or ky. (d)
The spatial profile of the zero-energy corner modes. Here,
t = 1, λx = λy = 0.8, and αx = αy = 1/4.
obtained based on the lowest two degenerate occupied
bands [106], and find that the Chern number is equal to
one, which is consistent with the existence of one chi-
ral mode at each corner. Since this topological invari-
ant is calculated using the wave functions under periodic
boundary conditions, it shows that the nonzero-energy
topological modes arise from the topological properties
of bulk states.
Another important observation of this model is that
such nonzero energy corner modes can exist in the con-
tinuous bulk spectrum as indicated by the white circle in
Fig. 1(b). These corner states lying in the continuum of
the extended bulk states form the BICs. Such BICs also
survive in the incommensurate lattice where the chiral
symmetry is broken, as shown in Fig. 1(j). Therefore,
our 2D AAH model also provides a platform for studying
the BICs in higher-order topological systems.
Case αx = αy = 1/4.— We now investigate the case
where the modulations have the same period in both di-
rections, e.g., αx = αy = 1/4. In Fig. 2(a), we display
the energy spectrum for a lattice under open boundary
conditions along both directions. Again, the zero-energy
modes show up for φ ∈ (− 3pi4 ,−pi4 ) and (pi4 , 3pi4 ), which co-
incide with the regime for the emergence of zero-energy
edge modes in the 1D AAH model. The zero-energy
modes are fourfold degenerate corresponding to the cor-
ner states shown in Fig. 2(d). Similar to the preceding
case, the zero-energy corner modes are characterized by
the quantized quadrupole moment, as shown in Fig. 2(b).
In this case, the quadrupole moment arises from the bulk
energy gap closure [see Fig. 2(c)], instead of the edge gap
closure. These topological quadrupole insulators are also
type-I since pedgex = p
edge
y = e/2.
In addition to the zero-energy corner modes, we also
find nonzero energy chiral modes inside the gaps of the
energy spectrum. One group of chiral modes in the bulk
gaps are boundary bands with states localized at the 1D
edges. They are characterized by the Chern number com-
puted in the (ky, φ) or (kx, φ) space using Eq.(4) for each
kx or ky, as denoted by the red numbers in Fig. 2(c). The
other chiral modes, marked by the red lines in Fig. 2(a),
connect different boundary bands and are localized at
the corners. Compared to the preceding case, the Chern
number of the boundary states is not well defined since
these bands are chiral and not well separated. Similarly,
we can transform the 2D model into a 3D model with
gapless points in the bulk [see Fig. 2(c)], where the zero-
energy and nonzero energy corner states become the zero-
energy and nonzero-energy chiral modes localized at the
hinges along z.
Experimental realization.— Here, we propose an ex-
perimental scheme to realize the 2D AAH model with
electric circuits. In fact, the quadrupole topological in-
sulators with zero-energy corner modes have been ex-
perimentally observed in electric circuits [42]. We ap-
ply a similar method to construct an electric network to
simulate the 2D AAH model using the Laplacian of the
circuit (see the details in the Supplemental Material).
The quadrupole moment can be measured by probing
the single-point impedances of the circuit [39] and the
existence of the corner modes can be detected by mea-
suring the resonance of two-point impedances near the
corners [39, 42, 68]. In addition, we can use the elec-
tric network to simulate the dynamics of the Schro¨dinger
equation. In this case, the dynamics is governed by a cir-
cuit Hamiltonian (usually different from the Laplacian)
which can also support the zero-energy corner modes and
nonzero-energy chiral modes. Remarkably, we find the
presence of chiral corner modes in the continuous bulk
spectrum, indicating the existence of BICs in the electric
circuit. Besides the electric circuit, our model can also be
realized in other systems, such as solid-state materials,
cold atoms, and photonic and phononic crystals.
In summary, we have constructed a generalized 2D
AAH model that supports the coexistence of zero-energy
corner modes characterized by the quantized quadrupole
moment and nonzero-energy corner modes characterized
by the Chern number of the boundary bands and the
Chern number of the Wannier bands. This model actu-
ally describes a 3D higher-order topological semimetal
with the coexistence of zero-energy hinge modes and
nonzero-energy chiral modes contributed by a Chern
5band on the surfaces. In addition, we also find that
nonzero-energy chiral modes can form the bound states in
the continuum. Finally, we propose a practical scheme
to realize the 2D AAH model in electric circuits. Our
model provides another platform for realizing and de-
tecting the exotic properties of higher-order topological
insulators and semimetals.
This work is supported by the start-up fund from Ts-
inghua University, the National Thousand-Young-Talents
Program and the National Natural Science Foundation of
China (11974201).
Note added. Recently, we became aware of a related
work on higher-order topological insulators [107].
SUPPLEMENTAL MATERIAL
In the supplementary material, we will show how the boundary bands are extracted, provide the 3D tight-bind
Hamiltonian in real space obtained by transforming the 2D AAH model, present the method to evaluate the Chern
number of Wannier bands and introduce the detailed experimental scheme for realizing the 2D AAH model in electric
circuits.
S1. THE BOUNDARY CHERN BAND
To show the existence of a Chern band at the edge, we plot the energy spectrum of the 2D AAH model in a cylinder
geometry with open and periodic boundaries along x and y, respectively, in Fig. S1(a). To distinguish the bulk
and edge modes, we calculate the inverse participation ratio (IPR) for each eigenstates |Ψn〉 with the corresponding
eigenenergies En, which is defined as
IPR =
∑
j
|Ψn,j |4
(〈Ψn|Ψn〉)2 , (S1)
with Ψn,j being the jth component of the eigenstate vector. The IPR values of the edge modes are much larger
than the bulk states, as shown in Fig. S1(a). We therefore can extract the boundary bands based on the IPR values.
Specifically, we take φ = 0 and pick out the eigenstates with IPR values larger than a threshold value, say, for example,
0.025, and get the indices of these states. The boundary bands are composed of the states with the same indices at
each φ value [Fig. S1(b)]. After that, we calculate the Chern number of these boundary bands as presented in the
main text.
S2. THE TIGHT-BINDING MODEL IN 3D
If we regard the parameter φ as the momentum kz along z, we obtain a Hamiltonian describing a 3D system. By
performing the Fourier transformation, we obtain the following tight-binding Hamiltonian in real space
H3D =
∑
jx,jy,jz
[
tx(−1)jy cˆ†jx,jy,jz cˆjx+1,jy,jz + ty cˆ†jx,jy+1,jz cˆjx,jy,jz
+
txλx
2
(−1)jyei2piαxjx(cˆ†jx,jy,jz cˆjx+1,jy,jz+1 + cˆ†jx+1,jy,jz cˆjx,jy,jz+1)
+
tyλy
2
ei2piαyjy (cˆ†jx,jy+1,jz cˆjx,jy,jz+1 + cˆ
†
jx,jy,jz
cˆjx,jy+1,jz+1) +H.c.
]
. (S2)
S3. THE CHERN NUMBER OF THE WANNIER BANDS
In the case of (αx, αy) = (1/2, 1/4), we first calculate the Wilson loop matrix along the x direction for the lowest
doubly degenerate bands (separated from the other bands) [3, 8],
Wx,k = Fx,k+(Nx−1)δkx · · ·Fx,k+δkxFx,k, (S3)
6FIG. S1. (Color online) (a) The energy spectrum of the 2D AAH model with open boundaries along x and periodic boundaries
along y. (b) The boundary bands extracted from the energy spectrum in (a). The color bar indicates the IPR value of the
corresponding eigenstates. Here t = 1, λx = λy = 0.8, αx = 1/2 and αy = 1/4. The lattice size is 40× 40.
where [Fx,k]
mn = 〈umk+δkx |unk〉 and δkx = (2pi/Nx, 0) with |unk〉 being the occupied eigenstate. The Wannier Hamil-
tonian HWx,k is defined as
Wx,k = eiHWx,k , (S4)
which is related to the boundary bands with the edge perpendicular to the x direction [108].
Using the spectral decomposition, the Wilson loop matrix Wx,(k,φ) can be written as
Wx,(k,φ) =
∑
j=±
e2piiν
j
x(ky,φ)|νjx,(k,φ)〉〈νjx,(k,φ)|, (S5)
where |νjx,(k,φ)〉 is the eigenvector of Wx,(k,φ) with the corresponding eigenvalue of e2piiν
j
x(ky,φ). We refer to the
eigenvalues of νjx(ky, φ) as the Wannier bands. Since e
2piiνjx(ky,φ) repeats over 1 for νjx(ky, φ), we restrict them to [0, 1).
As shown in Fig. S2, there appear two Wannier bands that are gapped around νx = 0.5, leading to two Wannier
sectors denoted by ν−x for the band below the Wannier gap and ν
+
x for the band above the Wannier gap.
Analogous to the Wannier-sector polarization [3, 8], we define the Wannier-sector Chern number using the Wannier
basis [11]
C
ν±x
ky,φ
=
1
2pi
1
Nx
∑
kx
∫ 2pi
0
dφ
∫ 2pi
0
dkyΩ˜
±
kx,(ky,φ)
, (S6)
where Ω˜±kx,(ky,φ) = i(〈∂kyw
±
x,(k,φ)|∂φw±x,(k,φ)〉 − ky ↔ φ) and
|w±x,(k,φ)〉 =
∑
n=1,2
|unk〉[νjx,(k,φ)]n. (S7)
In the thermodynamic limit, the Chern number of the Wannier band is
C
ν±x
ky,φ
=
1
4pi2
∫ 2pi
0
dφ
∫
BZ
d2kΩ˜±kx,(ky,φ). (S8)
For the lowest two occupied bands, we find that the Chern numbers of Wannier sectors are C
ν+x
ky,φ
= C
ν−x
ky,φ
= 1,
which characterize the chiral corner modes. This topological invariant is equivalent to the Chern number of boundary
bands defined in the main text.
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FIG. S2. (Color online) The Wannier bands for the system with αx = 1/2 and αy = 1/4 obtained by diagonalizing the Wilson
loop matrix [see the formula (S3)]. Here t = 1 and λx = λy = 0.8.
S4. EXPERIMENTAL REALIZATION IN ELECTRIC CIRCUIT
In this section, we present the experimental scheme in detail for realizing the 2D AAH model in electric circuit.
Fig. S3(a) illustrates an electric network composed of capacitors and inductors. This network can be used to simulate
our 2D Hamiltonian with lattice sites described by the circuit nodes indicated by red indices. If we denote the input
currents and voltages at each node as a N -component column vector I and V , respectively, it is straightforward to
obtain a relation expressed as I = JV , according to the Kirchhoff’s law. Here J is the Laplacian of the circuit. Our
Hamiltonian can be simulated by the Laplacian through J = iH. Specifically, the connection between the neighboring
nodes through inductors or capacitors can imitate the hopping between neighboring lattice sites. If the hopping is
negative (positive), the two nodes are connected by an inductor (a capacitor). For a specific node (m,n), we set the
impedance of the device as 1/Zxm = it[1 +λx cos(2piαxm+φx)] and 1/Zyn = it[1 +λy cos(2piαyn+φy)] (here i refers
to the imaginary unit). In addition, we need to eliminate the diagonal terms by grounding every node through a
capacitor (inductor) with appropriate impedance 1/Z ′m,n = −(1/Zxm + 1/Zx,m−1 + 1/Zyn + 1/Zy,n−1).
To study the bound states in the continuum (BICs) which are stable against scattering to the bulk states, we need
to investigate the dynamics in electric circuits. In fact, the dynamics of a wave packet in a Chern insulator [109] and
the dynamics of a hinge soliton in a 3D higher-order topological insulator [110] have been studied in electric circuits.
The time evolution of the circuit is governed by [109, 110]
d
dt
I(t) = C
d2
dt2
V (t) + Σ
d
dt
V (t) + LV (t), (S9)
where C, Σ, and L are real-valued matrices for capacitance, conductance, and inductance, respectively. The circuit
Laplacian for alternating currents with frequency ω is given by
J(ω) = iωC + Σ +
1
iω
L. (S10)
If there are no input currents (I(t) = 0), the equation of motion of the circuit can be reduced to a first-order
differential equation which is similar to the Schro¨dinger equation,
− i d
dt
ψ(t) = Hcψ(t), (S11)
where ψ(t) = ( ddtV (t),V (t))
T , and the circuit Hamiltonian is
Hc = i
(
C−1Σ C−1L
−1 0
)
. (S12)
8(a) (b)
FIG. S3. (Color online) (a) The electric network for realizing the 2D AAH model. The red numbers in brackets label the
indices of nodes corresponding to the lattice sites. The hopping between the neighboring lattice sites are simulated by the
impedance of the electric device connecting the nodes. If the hopping amplitude is positive (negative), then Z is implemented
by a capacitor (an inductor). Every node is grounded through a capacitor or an inductor to eliminate the diagonal terms. (b)
The frequency spectrum ω of the circuit with respect to φ for the 2D AAH model with αx = 1/2 and αy = 1/4 in a geometry
with open boundaries in all directions. The unit of ω is ω0.
The time evolution of an eigenstate of Hc is given by ψn(t) = e
iωntφn, where φn is an eigenvector of Hc with
the eigenfrequency ωn (n = 1, · · · , 2N). It can be shown that the eigenfrequencies of Hc occur in real-valued pairs
(ωn,−ωn) if the Laplacian matrix J(ω) satisfies J(ω) = −J(ω)† for any real frequencies ω [109]. These eigenfrequencies
{ωn} of the circuit Hamiltonian Hc are also associated with the admittance eigenvalues j(ω) of the Laplacian J(ω)
through j(ωn) = 0. Due to this intimate connection, the circuit Hamiltonian Hc owns similar band structures to
those of the circuit Laplacian J [109]. For instance, if there exist four zero-energy corner modes in the eigenvalues of
J(ω0) = iω0H(ω0), i.e., jn(ω0) = 0 with n = 1, 2, 3, 4, associated with the corresponding eigenvectors Vn, Hc also has
four-fold degenerate frequency modes ( iω0Vn Vn )
T corresponding to the frequency ω0.
In Fig. S3(b), we plot the eigenfrequencies ω of Hc as a function of φ for the case with αx = 1/2 and αy = 1/4
in a geometry with open boundaries along both x and y directions. As expected, the frequency bands ω(φ) exhibit
four-fold degenerate corner modes with the eigenfrequency equal to the resonance frequency ω0, as shown by the blue
lines in the figure. We also find chiral modes (red lines) localized at the corners as well, which is similar to the energy
spectrum of the Hamiltonian H. It is interesting to see that parts of the chiral corner modes lie in the continuous
bulk spectrum, forming BICs.
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